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ABSTRACT
The observationally complete sample of the main belt asteroids now spans more than
two orders of magnitude in size and numbers more than 64,000 (excluding collisional
family members). We undertook an analysis of asteroids’ eccentricities and their in-
terpretation with simple physical models. We find that Plummer’s (1916) conclusion
that the asteroids’ eccentricities follow a Rayleigh distribution holds for the osculating
eccentricities of large asteroids, but the proper eccentricities deviate from a Rayleigh
distribution: there is a deficit of eccentricities smaller than ∼ 0.1 and an excess of
larger eccentricities. We further find that the proper eccentricities do not depend sig-
nificantly on asteroid size but have strong dependence on heliocentric distance: the
outer asteroid belt follows a Rayleigh distribution, but the inner belt is strikingly
different. Eccentricities in the inner belt can be modeled as a vector sum of a primor-
dial eccentricity vector of random orientation and magnitude drawn from a Rayleigh
distribution of parameter ∼ 0.06, and an excitation of random phase and magnitude
∼ 0.13. These results imply that a late dynamical excitation of the asteroids occurred,
it was independent of asteroid size, it was stronger in the inner belt than in the outer
belt. We discuss implications for the primordial asteroid belt and suggest that the
observationally complete sample size of main belt asteroids is large enough that more
sophisticated model-fitting of the eccentricities is warranted and could serve to test
alternative theoretical models of the dynamical excitation history of asteroids and its
links to the migration history of the giant planets.
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1 INTRODUCTION
A century ago in these pages, Plummer (1916) published
what appears to have been the first statistical assessment of
the orbital data of the minor planets of the solar system. He
noted the surprising lack of very small eccentricities amongst
the 809 minor planets then known, and he empirically de-
termined that the eccentricity distribution was close to
dN(e) =C eexp(−α e2)de, (1)
with C = 59100, α = 36.5. Although Plummer did not call
it so, this is a Rayleigh distribution with parameter σ =
(2α)−
1
2 = 0.117. In the decades since, the known population
of minor planets increased by more than two orders of mag-
nitude, and this has allowed many interesting studies of their
physical and dynamical properties. Surprisingly, the topic of
the eccentricity distribution of observed asteroids, its rela-
tion to (and deviations from) the Rayleigh distribution has
scarcely been revisited in the past century; only Beck (1981)
⋆ E-mail: renu@lpl.arizona.edu
appears to have examined it when the sample size had in-
creased by a factor of less than three. In a recent paper,
Michtchenko et al. (2016) presented a wide-ranging analy-
sis of the modern data of the main belt asteroids, including
their orbital parameters and their physical properties, but
did not address the topic of the putative Rayleigh distri-
bution of asteroids’ eccentricities. In the present work, we
attempt to remedy this gap.
Our work is also motivated by the many recent models
of an instability-driven dynamical history of the solar sys-
tem (see Dones et al. 2015, for a review). Early dynamical
events could have left an imprint on the orbital distribution
in the asteroid belt, therefore rigorous statistical analysis of
the asteroids’ eccentricities may provide one possible test of
alternative models of the solar system’s past evolution.
The large increase in the known population of asteroids
and increased knowledge of their dynamics means that there
are greater complexities in analyzing the data. These include
defining the boundaries of the main asteroid belt, defining an
observationally complete sample, accounting for collisional
families of asteroids, and distinguishing between osculating
and proper elements. It is also interesting to examine the
c© 2016 The Authors
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Figure 1. Distribution of absolute magnitude, H, of main belt
asteroids (excluding members of collisional families). The bin size
is ∆H = 0.5 and the locations of the bins are indicated by the dots.
size dependence and heliocentric distance dependence of the
eccentricity distribution, made possible by the large num-
bers of asteroids now known. In Section 2 we describe the
asteroid data samples of interest. In Section 3, we describe
the results of our statistical analysis of the eccentricities and
their interpretation with simple physical models. We sum-
marize and conclude in Section 4.
2 ASTEROID DATA
Our primary source of asteroid data is the service
known as the “Asteroids Dynamic Site”, or AstDys-2
(URL http://hamilton.dm.unipi.it/astdys2). This service
(updated daily) provides tables of the orbital elements and
the absolute magnitudes of all numbered minor planets, as
well as the family membership information of each object.
For each object, three types of orbital elements are provided:
osculating elements, analytical proper elements and syn-
thetic proper elements. The osculating elements describe the
heliocentric osculating Keplerian orbit, whereas the proper
elements are computed from the osculating elements by re-
moving the perturbing effects of the eight planets, Mercury–
Neptune (Knezevic et al. 2002). The analytical proper ele-
ments are based on an analytical secular theory of degree 4 in
the eccentricities and inclinations and degree 2 in planetary
masses; this theory fails for some asteroids, usually those
near mean motion resonances with the planets or those with
high eccentricities and/or inclinations (Milani & Knezevic
1994). The synthetic proper elements, which consist of the
three parameters, (a,e,sin i), are based on a numerical pro-
cedure which removes the planetary perturbations more ac-
curately (Knezˇevic´ & Milani 2000, 2003).
In the present work, we will use primarily the synthetic
proper elements. The proper elements being free of the vari-
ations imposed by planetary perturbations are thought to
best hold memory of the formation and dynamical history
of asteroids. These elements have thus far been employed
primarily for the identification and study of collisional fam-
Figure 2. Proper eccentricity versus proper semimajor axis of
main belt asteroids (excluding members of collisional families).
The observationally nearly complete set is represented in the
small grey dots; the “nearly primordial” asteroids, with H ≤ 10.8,
are in black, and the “even more primordial” asteroids, with
H ≤ 8.2, are the blue circles.
ilies of asteroids, but here we will be focussed on the main
asteroid belt as a whole.
At the time of this work, the AstDys-2 provided syn-
thetic elements for 406,251 numbered asteroids, and identi-
fied 102,147 as members of various asteroid families (as of
October 20, 2015). We adopt the boundaries of the main
asteroid belt as a(1−e) > 1.6 AU and a < 3.8 AU. This def-
inition, which is similar to one adopted in many previous
studies, excludes asteroids with perihelion distance smaller
than Mars’ aphelion as well as the Hilda group and the Tro-
jan asteroids (in 3:2 and 1:1 mean motion resonance with
Jupiter, respectively). For the purpose of the present work,
it is prudent to exclude members of collisional families when
examining the overall eccentricity distribution of the main
belt asteroids (MBAs, henceforth). Thus pared, the sample
consists of 302,698 numbered asteroids. We plot in Fig. 1 the
distribution of the absolute magnitude, H, of this sample of
MBAs. We can discern from this plot that these MBAs are
observationally incomplete for H & 15 (equivalent diameter
D . 5 km). We also note significant changes in the slope of
the distribution function near H ≈ 8.5 and H ≈ 11.
We adopt H ≤ 15 for the observationally nearly com-
plete set; there are 64,377 asteroids in this set1. For context,
we provide a scatter plot of (a,e) of these MBAs in Fig. 2. Vi-
sual inspection shows that near-zero eccentricities are rare,
particularly in the inner asteroid belt. This is qualitatively
consistent with Plummer’s observations of a century ago.
We will also be interested in several subsets of the ob-
servationally complete set. We define two subsets based on
size, defined by the changes in slope of the H-distribution
function (Fig. 1). Asteroids smaller than about 30–50 km
in diameter are thought to have evolved significantly over
1 Adopting a slightly different H cut-off, H ≤ 14, yields a smaller
sample size but does not substantially change the results reported
here.
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the age of the solar system, both in their mass and in their
orbital parameters, due to high velocity collisional events
and to non-gravitational solar radiation effects which cause
stochastic orbital drift; larger asteroids are thought to be
little perturbed in their orbital parameters since the time of
the last major dynamical events in the early history of the
solar system (Bottke et al. 2015). Therefore, we define the
following two subsets of large asteroids:
(i) The “nearly primordial asteroids”, defined as those
brighter than absolute magnitude H = 10.8 (equivalently, di-
ameter D & 30 km); these asteroids are indicated in Fig. 2
with the black dots, and their sample size is 925. (We note
that this set of MBAs is only ∼ 14% larger than the set stud-
ied by Plummer, indicating that this set of bright asteroids
was observationally nearly complete a century ago.)
(ii) The “even more primordial asteroids”, brighter than
absolute magnitude H = 8.2 (equivalently, diameter D &
100 km). This is a smaller sample of 158 asteroids; they
are indicated by the blue circles in Fig. 2.
The equivalent diameters quoted above are based on an as-
sumed mean visual albedo, 0.09. While the absolute mag-
nitudes H are fairly securely determined for nearly all as-
teroids, only a subset have well-determined albedos; more-
over, the albedos vary with taxonomic-type and have large
scatter (Masiero et al. 2011; Usui et al. 2013). The adopted
albedo value is an approximate mean value for the main belt
asteroids.
It is also interesting to examine the eccentricity dis-
tribution as a function of heliocentric distance. Many pre-
vious studies of the asteroid belt define an inner, mid-
dle and outer belt with the following boundaries in semi-
major axis: (2.06 < a/AU < 2.5),(2.5 < a/AU ≤ 2.82) and
(2.82 < a/AU ≤ 3.27), respectively. With these definitions,
the inner boundary of the inner belt is near the 4:1 mean
motion resonance (MMR) with Jupiter (and it excludes the
innermost group of asteroids known as the Hungarias), the
boundary between the inner and middle belt is at the 3:1
MMR with Jupiter, that between the middle and outer belt
is at the 5:2 MMR with Jupiter, and the outer boundary
of the outer belt is at the 2:1 MMR with Jupiter. For the
observationally complete MBAs (H ≤ 15), the sample sizes
of these three regions are 13263, 21325, and 28702, respec-
tively.
3 ANALYSIS
3.1 Testing for a Rayleigh distribution
To investigate whether the MBAs’ eccentricities follow the
Rayleigh distribution, it is useful to note that the cumula-
tive distribution function (CDF) of the Rayleigh distribu-
tion is F(e) = 1− exp(−e2/(2σ2)). Thus, if the eccentricities
obeyed the Rayleigh distribution, a plot of − ln(1− F(e))
versus e2 would be a straight line with slope (2σ2)−1. Fig. 3
provides this plot for the observationally complete MBAs
(in black). We observe that the eccentricities deviate from a
straight line. Also shown in Fig. 3 are the plots for the large
asteroids, in blue for the nearly primordial set (H ≤ 10.8)
and in red for the even more primordial set (H ≤ 8.2).
We observe that the deviation from a Rayleigh distribu-
Figure 3. Comparison of the eccentricity distribution as a func-
tion of asteroid size. The black curve is for the observationally
complete set of MBAs (H ≤ 15), the blue and red curves are for
the primordial set (H ≤ 10.8) and the even more primordial set
(H ≤ 8.2), respectively. Plot of − ln(1−F(e)) as a function of e2,
where F(e) is the cumulative fraction of asteroids with eccentricity
< e. The dotted straight line represents a Rayleigh distribution
with parameter σ = 0.106.
tion persists for the larger asteroids, although the statis-
tics is poorer. We performed the two-sample Kolmogorov-
Smirnov test and found p-values exceeding 0.05 for each
pair of samples, (H ≤ 15,H ≤ 10.8) and (H ≤ 15,H ≤ 8.2) and
(H ≤ 10.8,H ≤ 8.2), indicating that the samples are consis-
tent with being drawn from the same distribution.
We plot in Fig. 4 the histograms of the MBAs’ eccentric-
ities for the three size dependent samples. The mean eccen-
tricities are 0.135, 0.135 and 0.142 for the samples with H ≤
15, H ≤ 10.8 and H ≤ 8.2, respectively, and their standard
deviations are 0.065, 0.065 and 0.064, respectively. Also plot-
ted are the best-fit Rayleigh distributions in each case; the
best-fit Rayleigh parameter is found to be 0.106,0.106,0.111,
respectively. Qualitatively, the deviation from the best-fit
Rayleigh distribution can be described as a deficit of small
eccentricities, e . 0.1, and excess of higher eccentricities.
We carry out a similar analysis for the heliocentric dis-
tance dependence of the eccentricities. The plots of − ln(1−
F(e)) versus e2 for the inner, middle and outer asteroid belt
are shown in Fig. 5, while histograms of the eccentricities are
shown in Fig. 6. The mean eccentricities are 0.145, 0.143 and
0.126, for the inner, middle and outer asteroid belt, respec-
tively; the standard deviations are 0.052, 0.067 and 0.067,
respectively. Although the mean and standard deviation val-
ues are not significantly different, by visual inspection we
find that there are significant differences in the shapes of
the eccentricity distributions of these samples. The inner
and middle belts deviate significantly from the Rayleigh dis-
tribution; in particular, the inner belt has a large deficit at
small eccentricities, e . 0.1, and excess at higher eccentrici-
ties, relative to the best-fit Rayleigh distribution. However,
the outer belt follows the Rayleigh distribution fairly closely,
with parameter σ = 0.101. These observations are confirmed
with Kolmogorov-Smirnov two-sample tests which show that
the three samples differ from each other.
MNRAS 000, 1–9 (2016)
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Figure 4. Histograms of the eccentricities for three size depen-
dent samples of MBAs: the observationally complete set of MBAs
(H ≤ 15,D & 5 km) is shown in the top panel, the nearly primor-
dial set (H ≤ 10.8,D & 30 km) is in the middle panel, and the even
more primordial set (H ≤ 8.2,D & 100 km) is in the bottom panel.
The error bars indicate Poisson uncertainties. In each case, the
dotted curves plot the best-fit Rayleigh distribution.
Figure 5. Comparison of the eccentricity distributions in the
inner (2.06 < a/AU ≤ 2.5, in blue), middle (2.5 < a/AU ≤ 2.82, in
red) and outer belt (2.82 < a/AU≤ 3.27, in cyan). Plot of − ln(1−
F(e)) as a function of e2, where F(e) is the cumulative fraction of
asteroids with eccentricity < e. The dotted straight line represents
a Rayleigh distribution with parameter σ = 0.101.
outer belt
middle belt
inner belt
Figure 6. Histograms of the eccentricities in the inner (2.06 <
a/AU≤ 2.5, top panel), middle (2.5 < a/AU ≤ 2.82, center panel)
and outer belt (2.82 < a/AU ≤ 3.27, bottom panel). The er-
ror bars indicate Poisson uncertainties. The dotted curves plot
the best-fit Rayleigh distributions, which have parameter σ =
0.109,0.111,0.101 for the inner, middle and outer belt, respectively.
3.2 Comparison with Plummer (1916)
At first sight, our result for the large asteroids appears to
differ from that of Plummer (1916) obtained a century ago,
when the sample of large asteroids, H ≤ 10.8, was already
∼ 85% complete. What could be the cause of the difference?
A possible cause is that Plummer considered osculating ele-
ments whereas we have considered proper elements.
Although we do not have the exact data that Plum-
mer worked with, he did present the binned data of the
809 eccentricities (taken from Utzinger (1915)); we plot the
distribution, − ln(1−F(e)), for this data in Fig. 7. For com-
parison with current data we can approximate the century-
old observational sample by examining the current data of
the 809 lowest-numbered asteroids (because the numbering
convention is strongly correlated with discovery epoch for
the early discoveries of minor planets). The distributions of
the osculating and proper eccentricities of these 809 aster-
oids are also plotted in Fig. 7. We find that our conjecture
does indeed provide a plausible explanation: the distribution
of the osculating eccentricities of this sample shows smaller
deviation from the Rayleigh distribution than the proper
eccentricities; moreover, the small deviations are similar to
those of Plummer’s sample. (The small differences between
Plummer’s data and the current data of the osculating ec-
centricities of the 809 lowest-numbered MBAs are possibly
owed to improvements in the orbital parameters of these
MBAs, and, to a lesser extent, a small number of individual
MBAs that are not common to the two samples.) Plummer
dismissed these deviations as being “of a kind which could
MNRAS 000, 1–9 (2016)
Eccentricity distribution in the main asteroid belt 5
Figure 7. Plots of − ln(1−F(e)) as a function of e2, where F(e)
is the cumulative fraction of asteroids with eccentricity < e. The
blue and red dashed-line curves are for the proper and osculating
eccentricities, respectively, of the 809 lowest-numbered MBAs, the
black curve is for the data used by Plummer (1916). The dotted
straight line represents Plummer’s estimated Rayleigh distribu-
tion with parameter σ = 0.117.
scarcely be avoided by any practical frequency function”;
in other words, he attributed the deviations to statistical
fluctuations. This is a reasonable conclusion for the osculat-
ing eccentricities of this relatively small sample. However,
the deviations from the Rayleigh distribution are obviously
larger for the proper eccentricities. A Kolmogorov-Smirnov
test confirms that the proper eccentricities are not consistent
with a Rayleigh distribution.
The deviations from Plummer’s eccentricity distribu-
tion function were already noted by Beck (1981) when the
catalog of minor planets had increased in number to 2176.
Beck’s analysis was also based on the osculating elements,
the proper elements not yet having gained attention at that
time. He concluded that the eccentricities appeared to be
independent of size (over the one-order-of-magnitude range
in diameter spanned by the data). He also noted hints in
the data of an excess of high eccentricities, e & 0.3 (which he
attributed to inclusion of comets in the sample and/or ob-
servational selection bias), as well as hints of a double max-
imum, each peak possibly related to heliocentric distance.
He considered the size of the sample too small to conclude
that these features were statistically significant.
3.3 Model distributions
Asteroids are expected to have formed on nearly circular
co-planar orbits (see, e.g., review by Johansen et al. 2015).
However, the current eccentricities in the main asteroid belt
have long been recognized to be far in excess of those ex-
pected during their formation, and likely owed to post-
formation dynamical excitation mechanisms such as secu-
lar resonance sweeping during the dissipation of the gaseous
solar nebula or gravitational scattering action of long-lived
planetary embryos or planetesimal-driven giant planet mi-
gration (see reviews by Petit et al. 2002; Morbidelli et al.
2015). A satisfactory quantitative model of the origin of the
asteroids’ dynamical excitation remains elusive at this time.
Here, we carry out a simple model-fitting exercise: we as-
sume that the current eccentricity of an asteroid is the vector
sum of an initial eccentricity and an excitation, as follows:
e f = ei +δ e, (2)
where e = e(cosϖ ,sinϖ) is the usual eccentricity vector with
ϖ being the longitude of perihelion, and the subscripts i
and f indicate values long before and long after the dynam-
ical excitation. We identify the current proper eccentricities
with e f . We assume that the initial eccentricities, ei, prior
to the excitation, followed a theoretically expected distri-
bution function (the specific functions are discussed below).
We also assume that the proper longitudes of perihelion,
both initial and final, have a uniform random distribution.
The magnitude of the excitation term, δe, is assumed to be
a free parameter, and its phase, is assumed randomly dis-
tributed. This model is motivated by analytical theories of
the effects of secular resonance sweeping either during the
dissipation of the solar nebula or during the planetesimal-
driven orbital migration of the giant planets (Ward et al.
1976; Gomes 1997; Minton & Malhotra 2011).
For the initial eccentricities, we consider two dis-
tribution functions. The first is a Rayleigh distribution,
predicted by theoretical and numerical studies of self-
gravitating planetesimal belts (e.g., Ida & Makino 1992;
Greenzweig & Lissauer 1992; Ohtsuki & Emori 2000),
pR(e) =
e
σ2
exp(− e
2
2σ2
), (3)
where the parameter σ is the mode of the distribution.
Alternatively, in the Kepler-shear dominated regime, the
heavier-tailed two-dimensional Cauchy distribution is ex-
pected (Collins et al. 2007),
pC(e) =
ece
(e2 +e2c)
3/2 , (4)
where ec is the mode of the distribution.
If the initial eccentricities, ei, follow a Rayleigh distri-
bution as in Eq. (3), then the probability distribution func-
tion and cumulative distribution function of x = e f cosϖ f (or
e f sinϖ f ) can be expressed as
fR(x,σ ,δe) = 1
σ
√
2pi3
∫ 1
−1
du(1−u2)− 12 exp −(x−uδe)
2
2σ2
, (5)
FR(x,σ ,δe) =
1
2
+
1
2pi
∫ 1
−1
du(1−u2)− 12 erf( x−uδe√
2σ
). (6)
We treat σ and δe as free parameters. Using the data of the
proper eccentricities, e f , we generate random numbers for
their proper longitudes of perihelion, ϖ f , and hence generate
the data sample for x. We fit this data to the model (Eq. 5-6)
and find the best-fit values of σ and δe. This procedure is
repeated 100 times to generate 100 random realizations of
the data sample and, in each case, we find the best-fit values
of σ and δe. We then compute the average values σ¯ and ¯δe.
If the initial eccentricities, ei, follow the two dimensional
Cauchy distribution as in Eq. (4), then the probability dis-
tribution function and cumulative distribution function of
MNRAS 000, 1–9 (2016)
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Table 1. Best-fit model parameters
Model 1 Model 2
MBA sample σ¯ ¯δe e¯c ¯δe
H ≤ 15 0.0786±0.0009 0.1010±0.0015 0.0338±0.0009 0.113±0.005
H ≤ 10.8 0.0784±0.0041 0.101±0.007 0.0301±0.002 0.114±0.006
H ≤ 8.2 0.0728±0.0097 0.115±0.016 0.0251±0.005 0.133±0.014
inner belt 0.0559±0.0023 0.133±0.004 0.0239±0.0014 0.134±0.007
middle belt 0.0772±0.0025 0.115±0.005 0.0358±0.0020 0.121±0.008
outer belt 0.0974±0.0047 0.030±0.026 0.0365±0.0014 0.095±0.005
x = e f cosϖ f (or e f sinϖ f ) can be derived as
fC(x,ec,δe) = 1
pi2
∫ 1
−1
du(1−u2)− 12 ec
ec2 +(x−uδe)2
, (7)
FC(x,ec,δe) =
1
2
+
1
pi2
∫ 1
−1
du(1−u2)− 12 arctan( x−uδe
ec
). (8)
We treat ec and δe as free parameters, and we find their
best-fit values for this model. Using the method described
above, we obtain the average values e¯c and ¯δe.
Below we refer to the model with the Rayleigh dis-
tribution of initial eccentricities (described by Eq. 5-6) as
“Model 1”, and we refer to the model with the two dimen-
sional Cauchy distribution of initial eccentricities (described
by Eq. 7-8) as “Model 2”. We carried out these model-fits
for the MBAs with the three different cut-offs in absolute
magnitude (H ≤ 15, H ≤ 10.8, H ≤ 8.2) and also for the in-
ner, middle and outer belt MBAs. The parameters of the
best-fit models in each case are given in Table 1.
We mention that, because asteroid eccentricities are
limited to 0 ≤ e ≤ 1, the distribution functions pR(e) and
pC(e) (Eq. 3–4) must be truncated to this domain. Such
truncation affects the normalization factors of pR(e) and
pC(e), and also introduces complexity in the derivation of the
probability density functions and cumulative density func-
tions of e f (cosϖ f ,sinϖ f ) for each model. Extending the up-
per limit of e to infinity in Eq. (3)–(4) greatly simplifies
these derivations with only a small penalty in numerical ac-
curacy. When we carry out the model-fitting with the trun-
cated distributions, the best-fit parameters lie well within
one standard deviation of those listed in Table 1.
3.4 Size dependence
Examining the results in Table 1 for the three size depen-
dent samples, (H ≤ 15, H ≤ 10.8, H ≤ 8.2), we find that the
best-fit model parameters of the larger MBAs do not differ
dramatically from those of the observationally complete set
of MBAs. We also find that the typical pre-excitation ec-
centricities revealed by Model 1 are noticeably larger than
those revealed by Model 2 (∼ 0.08 versus ∼ 0.03), whereas
the magnitude of the excitation parameter, δe, is similar in
both models (∼ 0.1).
For the three size dependent samples, we plot in Fig. 8
the distributions of ex = e f cosϖ f . (The distributions of ey =
e f sinϖ f are statistically identical.) The shaded histogram
is the average of 100 realizations of the random values of
ϖ f ; the error bars indicate the standard deviation of the
100 realizations. (The standard deviations are larger for the
larger asteroids, reflecting the decreasing sample sizes hence
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Figure 8. Distribution of the proper eccentricity vector compo-
nents, ex = e f cosϖ f for the observationally complete set of MBAs
with H ≤ 15 (top), the nearly primordial set with H ≤ 10.8 (cen-
ter), and the “even more primordial” set of H ≤ 8.2 (bottom). The
shaded histogram is the average of the 100 realizations of the ran-
dom values of ϖ f ; the error bars indicate their standard deviation
in each bin. The blue and red curves are for Model 1 and Model
2, respectively, with parameter values listed in Table 1.
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larger statistical fluctuations.) Overall, we observe that the
histograms of the three samples have fairly similar shapes.
This is consistent with the finding above that the best-fit
model parameters are not very sensitive to the asteroid sizes.
Also plotted in Fig. 8 are the best-fit Model 1 (in blue)
and the best-fit Model 2 (in red) for each data sample. Visual
inspection finds that Model 1 fits the averaged histograms
better than Model 2. We performed the Anderson-Darling
test to evaluate the models’ goodness of fit for each of the
100 realizations of the random values of ϖ f . For the asteroids
of H ≤ 15, we find that most of the p-values are smaller than
0.05 for both Model 1 and Model 2, indicating that these
models are not a good fit. For the asteroids of H ≤ 10.8, we
find that most p-values for Model 1 are greater than 0.05
but most p-values for Model 2 are less than 0.05. For the
sample of the largest asteroids, H ≤ 8.2, we find that most
of the p-values for both models exceed 0.05, indicating that
we cannot reject either model for this sample.
We interpret these statistical goodness-of-fit results as
follows. The small sample size of the largest asteroids, H ≤
8.2, does not allow us to reject either model, and both mod-
els appear to be reasonable fits to the data. Recalling that
all three samples’ eccentricity distributions are consistent
with being drawn from the same intrinsic distribution (see
Section 3.1), the larger samples should provide a more dis-
criminating test of the models. The larger sample size of
H ≤ 10.8 allows us to reject Model 2 but not Model 1. The
vastly larger sample size of H ≤ 15 is large enough that, even
though visual inspection indicates that Model 1 is a good fit
to the data, the statistical test of goodness of fit rejects this
model because the visually small deviations of the data from
the model are nevertheless statistically significant. We con-
clude that while Model 1 provides a good description of the
data, the data contain more information than can be cap-
tured by this simple model.
3.5 Heliocentric distance dependence
Examining the results in Table 1 for the dependence on he-
liocentric distance, we find that for both Model 1 and Model
2 the inner belt has significantly smaller values of the pre-
excitation eccentricities and larger values of the excitation
parameter δe compared with the outer belt; the middle belt
has parameter values intermediate between the inner and
outer belt parameters.
We plot in Fig. 9 the distributions of ex = ecosϖ for the
three heliocentric distance dependent sets of MBAs (inner,
middle and outer belt). As before, the shaded histogram is
the average of 100 realizations of the random values of ϖ ,
and the standard deviation of the 100 samples is indicated
by the error bars. We observe striking differences in the dis-
tributions of ex as a function of heliocentric distance. The
inner belt sample is obviously double peaked, with peaks of
ex near ±0.1; there is also a hint of secondary peaks near
±0.03. The middle belt has a single peak but the peak is
somewhat flat, hinting of an underlying double peaked dis-
tribution with insufficient separation of the two peaks. The
outer belt has a single peaked distribution. The latter is un-
surprising when we recall our finding in Section 3.1 that the
outer belt eccentricities follow quite well a Rayleigh distribu-
tion, their eccentricity vector components are then expected
to follow well a Gaussian distribution with zero mean.
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Figure 9. Distribution of the proper eccentricity vector com-
ponents, ex = e f cosϖ f for the inner belt (top), the middle belt
(center), and the outerbelt (bottom). The shaded histogram is
the average of the 100 realizations of the random values of ϖ f ;
the error bars indicate their standard deviation in each bin. The
blue and red curves are for Model 1 and Model 2, respectively,
with parameter values listed in Table 1.
Also plotted in Fig. 9 are the best-fit Model 1 and best-
fit Model 2. By visual inspection we find that, for all three
samples, Model 1 fits the averaged histograms much better
than Model 2. However, there are small but noticeable devia-
tions of the data from Model 1. We performed the Anderson-
Darling test to evaluate the models’ goodness of fit. In all
cases, we find p-values less than 0.05, indicating that we
should reject both models for all three samples (the inner,
middle and outer belts). However, it is evident that these
low p-values signal only the statistical significance of the
small deviations from Model 1, whereas the most promi-
nent feature, the double-peaked distribution of ex (and ey)
in the inner belt (and to a lesser extent the middle belt), is
described quite well by this model. The data sample sizes
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are large enough that more sophisticated models should be
investigated; we leave that to future work.
4 SUMMARY AND DISCUSSION
The observationally complete sample size of the main belt
asteroids (excluding members of collisional families) is now
more than 64,000, a nearly 80-fold increase over the past
century. We undertook a careful statistical analysis of the
eccentricities of this sample and their interpretation with
simple physical models. We obtained the following results.
(i) Plummer’s (1916) conclusion that the eccentricities of
the then known 809 main belt asteroids obeyed a Rayleigh
distribution holds for the osculating eccentricities of large
asteroids, but not for their proper eccentricities.
(ii) The proper eccentricity distribution does not depend
significantly on asteroid size over the range spanned by the
observationally complete MBAs, i.e., diameter 5 km . D .
950 km, more than two orders of magnitude in asteroid size.
Asteroids of absolute magnitude H ≤ 8.2 (equivalent di-
ameter D & 100 km), those of absolute magnitude H ≤ 10.8
(D & 30 km), and those of absolute magnitude H ≤ 15
(D & 5 km), are all consistent with being drawn from the
same intrinsic distribution of proper eccentricities. All of
these samples deviate from a Rayleigh distribution. There
is a deficit of eccentricities smaller than ∼ 0.1 and an excess
of larger eccentricities.
(iii) The proper eccentricity distribution depends signifi-
cantly on heliocentric distance. The inner, middle and outer
belts, defined with boundaries in proper semimajor axis
(2.06 < a/AU < 2.5), (2.5< a/AU≤ 2.82) and (2.82 < a/AU≤
3.27), respectively, differ from each other. The outer belt fol-
lows a Rayleigh distribution, but the inner belt and middle
belt do not.
(iv) The inner belt has a striking double peaked dis-
tribution of the proper eccentricity vector components,
e(cosϖ ,sinϖ). The outer belt does not show evidence of such
a feature, and the middle belt shows a hint of such a feature.
(v) The proper eccentricity vectors in the inner belt can
be modeled quite well as a vector sum of an initial eccentric-
ity of random phase and magnitude drawn from a Rayleigh
distribution of parameter ∼ 0.06, and an excitation of ran-
dom phase and magnitude ∼ 0.13. However, the sample size
is large enough that more sophisticated model-fitting is war-
ranted in a future investigation.
It is not inconceivable that unrecognized collisional fam-
ily members contribute to the non-trivial features of the ec-
centricity distributions that we have found. We adopted the
family identifications as reported in the AstDys-2 database.
Our results would need to be re-examined if the criteria for
the identification of asteroid families were to be significantly
revised.
Our statistical analysis has revealed two trends in the
MBAs’ eccentricities which speak to their dynamical his-
tory and which have hitherto escaped attention. The first
is that the MBAs’ eccentricities do not show any significant
size dependence over more than two orders of magnitude in
size, ∼ 5–950 km. This indicates that the mechanisms re-
sponsible for the dynamical excitation of the asteroid belt
were size-independent. This also implies that, subsequent to
their dynamical excitation, the smaller asteroids’ eccentrici-
ties have evolved little, if at all, relative to the eccentricities
of the larger asteroids. Secondly, the MBAs’ proper eccen-
tricities show strong dependence on heliocentric distance,
indicating that the dynamical excitation mechanisms were
sensitive to heliocentric distance. It is noteworthy that the
mean eccentricity does not show a dramatic trend with he-
liocentric distance but the shape of the distribution function
does. Previous studies using only mean or median eccentric-
ity to characterize asteroids’ eccentricities (and using only
the small sample of large asteroids, H . 11) overlooked this
trend in the eccentricity distribution function.
Our model-fitting analysis, within the relatively simple
models considered here (Eqs. 2–8), leads to the following
implications for the dynamical excitation history of aster-
oids. Our finding that the shape of the eccentricity distribu-
tion function of the pre-excitation asteroid belt is described
well with the Rayleigh distribution rather than the two-
dimensional Cauchy distribution implies that (A) the pre-
excitation asteroid belt resembled a gravitationally stirred
disk of planetesimals, and (B) the timing of the excitation
event(s) was not during the earliest epochs (when the disk
would be in the Kepler-shear regime), but at a later epoch
when the largest bodies had grown large enough that the
population of bodies of the size of the observed asteroids,
D < 1000 km, was in the dispersion-dominated regime.
In the dispersion-dominated pre-excitation asteroid
belt, the eccentricities would be determined by a small num-
ber of the largest bodies, and are expected to be up to
∼ vesc/vorb, where vesc and vorb is the surface escape veloc-
ity and the orbital velocity, respectively, of the largest bod-
ies (Goldreich et al. 2004). In the inner belt, with an average
orbital velocity of ∼20 km/s, the inferred pre-excitation ec-
centricities of ∼0.056 imply that largest bodies be of mass
m ≈ 0.8× 1025 g, diameter D ≈ 1,700 km (assuming a bulk
density of 3,000 kg m−3); in the outer belt, with a lower av-
erage orbital velocity of ∼17 km/s and higher inferred pre-
excitation eccentricities of ∼0.097, the largest bodies would
be a little larger, m≈ 2.6×1025 g, D∼2,500 km. With masses
(1-3)×1025 g and sizes 1700–2500 kilometers, such bodies
may be called “planetary embryos”. The required number of
planetary embryos can be estimated as follows. These plan-
etary embryos would have had nearly circular orbits (their
eccentricities being damped by dynamical friction within the
vast number of smaller bodies), and their gravitational in-
fluence would have extended to an annular region of width
a few times their Hill radius, that is, ∼ kRH = ka(m/3m⊙)1/3,
with k ≈ 3–10. Thus their total number across the width,
∆a, of the main asteroid belt would be ∼∆a/kRH . Assuming
the same bulk density and the size estimates as above, we
estimate approximately 35–100 planetary embryos would be
necessary to account for the pre-excitation eccentricities of
the MBAs. These estimates are smaller, both for the masses
and the numbers of planetary embryos, than those found
in modern numerical studies of the formation of the as-
teroid belt (Petit et al. 2001; Chambers & Wetherill 2001;
O’Brien et al. 2007).
Considering that the present-day asteroid belt contains
not even one such body (the largest asteroid, Ceres, has
diameter D = 946 km, only about half as large as the plane-
tary embryos’ size estimates here), these bodies would need
to be subsequently removed, possibly by their own mu-
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tual long-range gravitational perturbations or in combina-
tion with perturbations from the giant planets which would
induce chaotic evolution and planetary collisions or ejec-
tions (Chambers & Wetherill 2001). The implied numerical
depletion exceeds a factor of (35–100). Further, considering
that the mass of the asteroid belt is dominated by the largest
asteroids, the implied mass depletion by the excitation
event(s) also exceeds a factor (35-100). This lower limit on
the level of mass depletion is smaller than the factor (1000–
6000) mass deficit of the asteroid belt inferred from other
considerations, such as the smoothed radial density gradient
estimates of the minimum mass solar nebula and models of
the formation of asteroids (Weidenschilling 1977; Wetherill
1992; Chambers & Wetherill 2001; Morbidelli et al. 2009).
It is of some importance to note that the relationship
between the mass depletion factor and the numerical deple-
tion factor is sensitive to the size distribution function at
large sizes: to wit, the same mass depletion may be accom-
plished by a smaller numerical depletion if most of the mass
is in a very few large bodies (Weidenschilling 2011). Thus,
our estimate of a numerical depletion factor of & (35–100)
combined with the independent estimates of a mass deple-
tion factor of (1000–6000) derived in the above-mentioned
previous studies may be useful in constraining the size dis-
tribution function of the large bodies, D > 1000 km, in the
primordial asteroid belt. We leave this to a future study.
Our model-fitting analysis also implies that the late ex-
citation event(s) had little effect on the outer asteroid belt
but had a large effect on the inner belt. The double-peaked
distribution of the proper eccentricity vector components in
the inner belt is consistent with the effects of an inward
sweeping of the ν6 secular resonance. This secular resonance
is now located near the inner edge of the asteroid belt but
would have migrated inward at early times due to giant
planet migration (Minton & Malhotra 2011). The absence
of the double-peaked feature in the outer asteroid belt in-
dicates that the putative secular resonance sweeping was
confined to the inner asteroid belt.
Several theoretical studies of the dynamical excita-
tion of the asteroid belt linked to the orbital migra-
tion history of the giant planets have been carried out
in recent years, but these have made use of observa-
tional constraints from only the small sample of large as-
teroids (e.g., Minton & Malhotra 2011; Roig & Nesvorny´
2015; Izidoro et al. 2015; Morbidelli et al. 2015; Toliou et al.
2016). That small sample size allows only rough constraints
on theoretical models. We have shown here that the larger
asteroids and the smaller asteroids have statistically similar
proper eccentricities. Thus, the much larger sample size of
the observationally complete MBAs of H ≤ 15 offers greater
statistical confidence and more detailed constraints on the-
oretical models, at least with regard to dynamical excita-
tion mechanisms. Moreover, differences between the inner
and outer asteroid belt can also be examined with this large
sample, which is difficult with the small sample of large as-
teroids, allowing to test and improve theoretical models.
It is natural to ask if the inclination distribution of
the observationally complete set of MBAs shares the trends
found in their eccentricity distribution. We are investigating
this question, and find that the inclination distribution as
well as inclination-eccentricity correlations merit a separate
report.
ACKNOWLEDGEMENTS
This research was supported by NSF (grant AST-1312498),
and made use of the NASA Astrophysics Data System Bib-
liographic Services and the Asteroids Dynamic data service
for minor planet data. We thank Hilke Schlichting, Kathryn
Volk and Andrew Youdin for helpful discussions, and Stan-
ley F. Dermott for comments on the manuscript.
REFERENCES
Beck R. A., 1981, Irish Astronomical Journal, 15, 87
Bottke W. F., Brozˇ M., O’Brien D. P., Campo Bagatin
A., Morbidelli A., Marchi S., 2015, The Collisional
Evolution of the Main Asteroid Belt. pp 701–724,
doi:10.2458/azu uapress 9780816530595-ch036
Chambers J. E., Wetherill G. W., 2001,
Meteoritics and Planetary Science, 36, 381
Collins B. F., Schlichting H. E., Sari R., 2007, AJ, 133, 2389
Dones L., Brasser R., Kaib N., Rickman H., 2015, Space Sci. Rev.,
197, 191
Goldreich P., Lithwick Y., Sari R., 2004, ARA&A, 42, 549
Gomes R. S., 1997, Astronomical Journal v.114, 114, 396
Greenzweig Y., Lissauer J. J., 1992, Icarus, 100, 440
Ida S., Makino J., 1992, Icarus, 96, 107
Izidoro A., Raymond S. N., Morbidelli A., Winter O. C., 2015,
MNRAS, 453, 3619
Johansen A., Jacquet E., Cuzzi J. N., Morbidelli A., Gounelle
M., 2015, New Paradigms for Asteroid Formation. pp 471–
492, doi:10.2458/azu uapress 9780816530595-ch025
Knezˇevic´ Z., Milani A., 2000, Celestial Mechanics and Dynamical
Astronomy, 78, 17
Knezˇevic´ Z., Milani A., 2003, A&A, 403, 1165
Knezevic Z., Lemaˆıtre A., Milani A., 2002, Asteroids III,
pp 603–612
Masiero J. R., et al., 2011, ApJ, 741, 68
Michtchenko T. A., Lazzaro D., Carvano J. M., 2016, A&A,
588, A11
Milani A., Knezevic Z., 1994, Icarus, 107, 219
Minton D. A., Malhotra R., 2011, ApJ, 732, 53
Morbidelli A., Bottke W. F., Nesvorny´ D., Levison H. F., 2009,
Icarus, 204, 558
Morbidelli A., Walsh K. J., O’Brien D. P., Minton D. A., Bottke
W. F., 2015, The Dynamical Evolution of the Asteroid Belt.
pp 493–507, doi:10.2458/azu uapress 9780816530595-ch026
O’Brien D. P., Morbidelli A., Bottke W. F., 2007, Icarus, 191, 434
Ohtsuki K., Emori H., 2000, AJ, 119, 403
Petit J.-M., Morbidelli A., Chambers J., 2001, Icarus, 153, 338
Petit J.-M., Chambers J., Franklin F., Nagasawa M., 2002, As-
teroids III, p. 711
Plummer H. C., 1916, MNRAS, 76, 378
Roig F., Nesvorny´ D., 2015, AJ, 150, 186
Toliou A., Morbidelli A., Tsiganis K., 2016, A&A, 592, A72
Usui F., Kasuga T., Hasegawa S., Ishiguro M., Kuroda D., Mu¨ller
T. G., Ootsubo T., Matsuhara H., 2013, ApJ, 762, 56
Utzinger E. G., 1915, Popular Astronomy, 23, 329
Ward W. R., Colombo G., Franklin F. A., 1976, Icarus, 28, 441
Weidenschilling S. J., 1977, Astrophysics and Space Science, 51,
153
Weidenschilling S. J., 2011, Icarus, 214, 671
Wetherill G. W., 1992, Icarus, 100, 307
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–9 (2016)
